Two-wythes masonry walls arranged in English bond texture were often used in the past as bearing panels in seismic area. On the other hand, earthquake surveys have demonstrated that masonry strength under horizontal actions is usually insufficient, causing premature collapses of masonry buildings, often ascribed to out-of-plane actions. Furthermore, many codes of practice impose for new brickwork walls a minimal slenderness, which for instance is fixed by the Italian O.P.C.M. 3431 equal to 12 for artificial bricks and 10 for natural blocks masonry.
Introduction
Consolidated rules of thumbs used for centuries by European technicians suggest to prevent premature loss of equilibrium of masonry elements subjected to horizontal loads by reducing their slenderness. Following this principle, many codes of practice impose for new brickwork walls a minimal height/thickness ratio, which is for instance fixed by the Italian O.P.C. M. 3431 (2005) equal to 12 for artificial bricks and 10 for natural blocks masonry.
As a consequence, existing and new masonry structures in European seismic areas can be build in multiwythes thickness arrangements, being English and Flemish bond two of the most diffused patterns.
On the other hand, the inadequate resistance of brickwork under out-of-plane loads is well known. Such actions are usually related to seismic events and represent a primary cause of failure in different typologies of masonry, especially for historical buildings (see for instance Spence and Coburn, 1992) . Related to this problem, another relevant aspect that should be considered is the important role held by vertical compressive membrane actions on out-of-plane strength. As a rule, in fact, vertical loads (either self weight and permanent loads) are not negligible and increase both the ultimate out-of-plane strength and the ductility of masonry, bringing additional complexity to the structural analyses.
Despite the considerable efforts made in the last decade for the analysis at collapse of masonry elements out-of-plane loaded, almost the totality of these studies is devoted to running bond textures. On the contrary, there is still a lack of knowledge concerning multi-wythes thickness walls, probably due to complexity of possible numerical models, closely related to the high number of variables involved when standard heterogeneous FE non-linear analyses are performed. Moreover, other two important aspects of masonry at failure that preclude the utilization of standard FE codes is the anisotropy (Milani et al., 2006a) , closely related to the constituent materials (mortar and bricks) and the bond pattern, and the limited compressive strength, which is independent from shear strength, as demonstrated experimentally by Page (1981) .
For the above reasons, the analysis at failure of English bond brickwork walls subjected to out-of-plane actions is a topic that deserves consideration. In particular, a model based on a simplified kinematically admissible homogenization approach and limit analysis seems particularly attractive, since the actual arrangement of bricks and mortar can be considered only at a cell level.
Furthermore, a limit analysis approach requires only a reduced number of material parameters and is able to provide as output information limit multipliers of loads, failure mechanisms and, at least on critical sections, the stress distribution at collapse (see Sutcliffe et al., 2001) .
In this framework, in the present paper, a kinematic limit analysis approach in which (Àa) bricks are supposed infinitely resistant and (Àb) joints are reduced to interfaces, is used in order to have a realistic prediction of the actual behavior at failure of panels out-of-plane loaded. It is worth noting that models based on the homogenization theory have been presented under the same hypotheses by de Buhan and de Felice (1997) for in-plane loaded walls and by Cecchi et al. (2007) for out-of-plane loaded running bond plates. In both cases, an associated flow rule for joints was adopted, despite the fact that frictional phenomena may require the adoption of non-associated plasticity for the constituent materials (Ferris and Tin-Loi, 2001 ; Orduñ a and Lourenço, 2005) .
Nevertheless, at present, we have not at disposal theorems regarding homogenization of rigid plastic materials with non-associated flow rule, even if calculations could be carried out, given a friction and a dilation angles for mortar, with an ''effective'' friction and associated flow rules (Drescher and Detournay, 1993) .
On the other hand, the adoption of non-associated plasticity implies the lack of the uniqueness of the solution, i.e. that a multiplicity of solutions can exist for these limit analysis problems (see Begg and Fishwick, 1995) . On the contrary, when associated plasticity is adopted for the constituent materials, homogenization theory can be used in combination with limit analysis (as suggested by Suquet, 1983) for the evaluation of the macroscopic strength domains and simple linear programming problems (easily manageable by means of standard packages) are obtained.
Following the general procedure adopted by the authors for running bond textures (Cecchi et al., 2007) , in this paper a simple micro-mechanical model for the kinematic limit analysis of English bond walls out-ofplane loaded under Reissner-Mindlin plate hypotheses is presented.
In analogy to what proposed for running bond textures, a 3D system of infinitely resistant bricks interacting through mortar joints reduced to interfaces is identified with a rigid-plastic homogeneous and anisotropic Reissner-Mindlin plate. For joints, a Mohr-Coulomb failure criterion with tension cut-off and compressive limited strength is adopted. For English bond pattern, a full description of the model can be given considering a representative volume constituted by four bricks disposed in three rows interacting with the neighbor bricks. In order to obtain a Reissner-Mindlin equivalent plate, a sub-class of motions for the representative volume is a-priori assumed, including horizontal and vertical flexion, torsion and out-of-plane sliding.
Then, a numerical procedure of identification between the 3D discrete Lagrangian system and a continuum equivalent model is imposed in terms of power dissipated in the 3D discrete model and in the continuum.
Since internal dissipation can take place only at the interface between bricks, a simple linear programming problem in few variables is obtained. In this way, macroscopic masonry failure surfaces are numerically evaluated as a function of the macroscopic bending and torsional moments and out-of-plane shear forces. It is worth mentioning that the number of possible failure modes of the English bond elementary cell subjected to a fixed macroscopic action is higher if compared with the running bond case. In particular, internal plastic dissipation can occur for a variety of relative movements between different adjoining bricks.
In Section 2, the basic assumptions adopted for the identification model are presented with particular emphasis on the multi-wythes case, whereas in Section 3 the constrained minimization problem used for obtaining macroscopic failure surfaces is reported.
In Section 4, the micro-mechanical model is applied for some cases of technical interest for the evaluation of the out-of-plane macroscopic failure surfaces of masonry arranged in English bond texture. The important role of vertical membrane compressive load is addressed assuming two different constitutive laws for joint reduced to interfaces. Furthermore, a comparison with running bond failure surfaces is reported. Finally, in Section 5 two meaningful structural examples consisting of a panel in cylindrical flexion and a masonry slab simply supported at two edges, clamped at the base and out-of-plane loaded are discussed. A detailed comparison in terms of deformed shapes at collapse and failure loads between a 2D FE Reissner-Mindlin limit analysis approach and a full 3D heterogeneous FE model shows the reliability of the results obtained using the compatible identification approach proposed.
Compatible model for English bond texture
Let an English bond masonry wall be considered with infinitely resistant blocks connected by mortar joints reduced to interfaces with rigid-plastic behavior (Fig. 1) . For the case here analyzed, a symmetry middle plane along the thickness of the wall can be identified without difficulties. Thus, a plate and shell model with uncoupled membrane and flexural actions and referred to masonry middle plane can be developed. According to a previous work by the authors (Cecchi et al., 2007) , in the discrete system the kinematic is described with reference to a generic couple of blocks. The compatible equivalent model is based on a correspondence between equivalent class of motions in a 3D discrete blocks system and a plate continuous model. A portion of a P masonry panel (continuous model) with the same dimensions of the REV (discrete block system model) is considered. This portion is chosen so that its center g c coincides with the center of the REV. A portion of plate H, with the same edge is considered, so that the x point of H coincides with g c (Figs. 2-4 ). In the discrete system, the motion of a generic couple of blocks A and B may be described as a function of their center velocity w a , w b and their angular velocity X a , X b . Let p be the center of the I interface between A and B. The velocity of the material points x of A and B in contact in a position n 2 I, may be written as:
Jump of the velocity field w(n) between A and B in a point n 2 I that represents the measure of strain velocity may be written as: 
where
Side by side for the panel, a 2D plate model is introduced independently from the discrete 3D model. The plate is identified by its middle plane S of normal e 3 (Fig. 3) .
In a parallel manner, respect to the discrete model, in a plate continuum model the generic motion is described by the following fields:
where w(x) and X(x) are the velocity vector and angular velocity tensor of the material point x, respectively. Hence it is possible to assign a correspondence between a class of regular motions in P and H. The velocity and angular velocity of the center of the brick A and B in the discrete system and velocity and angular velocity of the center of the REV in the continuum model are equal: where g a and g b are the center of the A; B 2 P generic couple of bricks and a first order Taylor approximation (first order identification) in the velocity and angular velocity is used In the discrete system, the contact forces between blocks A and B are t a (n) and t b (n) for n 2 I. Equilibrium condition requires that t a (n) = Àt b (n). Hence, Àset t b (n) = t (n), the power dissipated at the interface is:
Set t p ¼ R I tðnÞ and M p ¼ 2 R I skw t ðn À pÞ, Eq. (6) can be written as follows:
Let us define the vector t p as
where t p denotes the projection on S of t p and t 3p is the component orthogonal to S of t p . Taking into consideration correspondent motion tests, from Eqs. (4) and (5), Eq. (7) may be written as:
where the distance vector d p can be written as d p = n À p. According to the previous notation d p may be decomposed as
In the same manner, for the continuum, set N membrane and shear actions and M bending and torsion.The mechanical power evaluated on S may be written as:
where grad represents the gradient operator on S. Total internal power dissipated can be evaluated as the sum of power dissipated by membrane actions, plate shear actions, bending and torsional moments. In particular, by indicating with an upper line the projection on S, the previous equation becomes:
In what follows we assume:
-symðgrad wÞ ¼ _ E, where _ E is the in-plane membrane strain rate tensor;
where _ c is the shear strain rate vector.
Furthermore, N represents the membrane actions tensor, Ne 3 = T represents the shear actions vector and M represents the bending moments and torsion tensor. It must be noted that the angular velocity tensor X(x) in the case of a plate model is: x a with the Greek index a = 1, 2. In fact, as well known x 3 component is equal to zero in the case of plate model.
At this stage, for a chosen REV and a given class of regular motions, we impose that the mechanical power dissipated by the contact actions on P and H coincides. Under these assumptions, the membrane and moment tensors N and M, as well as plate shear vector T(T = Ne 3 ) may be expressed as a function of the vector t p , i.e. of the measure of the stress in the micro-mechanical model.
where A is the area of the chosen REV and the symbol P indicates a summation extended to all the interfaces to which the chosen REV is in contact. It must be noted that the part of p associated to skw{grad W} and to skw{grad We 3 } is not taken into account. In fact, in the adopted plate model these kinematic fields characterize neutral (rigid) motions.
The 1/2 coefficient which appears in the above expressions for N, T and M is relative only to the externals interfaces of the REV -the power dissipated at the interface between two REVs involves both REVs -while in the case of interfaces internal to the REV the coefficient for N, T and M is 1.
The multi-wythes masonry case
In this section, the derivation of a plate model for English bond masonry is presented as a simple application of the proposed theory. In the follows the procedure adopted by the authors (Cecchi et al., 2007) for the definition of 3D discrete model is used.
It is worth noting that the procedure followed in this paper is not based on rigorous homogenization theory, but it represents a straightforward approach of identification between 3D discrete model and 2D Reissner-Mindlin plate. The application of classic homogenization is avoided in order to put at disposal to practitioners a technically simple kinematically admissible model. The a-priori assumption of a sub-class of regular motions in the RVE, representing a number of most probable elementary failure mechanisms which can occur in practice, simplifies the formulation to a great extent, giving the possibility of symbolically handle the optimization problem at a cell level. From a theoretical point of view, such macroscopic motions have to be homogeneous. In this way, the model obtained is compatible (but not necessarily equilibrated) and the introduction of periodic velocity fields, required by rigorous homogenization theory, can be circumvented.Therefore, even if the simple model proposed is far to be rigorous, it can be profitably used by practitioners for structural analyses at collapse.
From the above considerations, in fact, the following advantages of the procedure proposed can be underlined: (1) its simplicity in terms of formulation; (2) the possibility to implement directly the procedure in a FE limit analysis code for the evaluation of collapse loads of entire walls; (3) its ability to provide in any case upper bound approximations of the actual masonry strength domain.
Differently from the simple running bond case, the chosen REV is constituted by four blocks. In this case, the center of the REV corresponds to origin of the local frame of references, as shown in Fig. 1 .
In order to evaluate expressions (12), 5 internal interfaces (1 in the thickness of the plate I 0,0,0 , and 4 horizontal interfaces I 0,k2,k3 , with k 1 = k 2 = ±1) and 20 external interfaces (8 bed interfaces and 12 head interfaces) must be taken into account for the evaluation of the total internal power dissipated, Fig. 4 . It must be remarked that the internal interfaces spend power in the interior of the REV while the external interfaces spend power for the chosen REV but also in the neighbor REVs (see Fig. 2 ), hence only 1/2 of its value has to be taken into account in the total internal power dissipation.
Let g i,j,k be the position of the center of the generic REV in the 3D Euclidean space, b, a and t are brick length, brick height and brick thickness, respectively. The position of the centers of the four blocks that constitute the REV are:
Due to the regularity of masonry under consideration, a B i,j,k block interacts with a B iþk 1 ;jþk 2 ;kþk 3 block by means of a I k 1 ;k 2 ;k 3 joint.
In particular, it is worth noting that for INTERNAL INTERFACES:
-if k 1 = 0 and k 2 , k 3 = ±1, then I k 1 ;k 2 ;k3 represents a horizontal interface; -if k 1 = k 2 = k 3 = 0, then I 0,0,0 represents the internal interface along the wall thickness.
On the other hand, for EXTERNAL INTERFACES:
-if k 1 , k 2 = ±1 and k 3 = 0 then I k 1 ;k 2 ;k3 represents a vertical interface when only one block is present in the panel thickness; -if k 1 , k 3 = ±1 and k 2 = 0then I k 1 ;k 2 ;k3 represents a vertical interface when two blocks are present in the panel thickness; -if k 1 , k 2 , k 3 = ±1 and, then I k 1 ;k 2 is a horizontal interface when two blocks are present in the panel thickness; -if k 1 = 0, k 2 = ±2 and k 3 = ±1 then I k 1 ;k 2 ;k3 represents a vertical interface when only one block is present in the panel thickness;
For the sake of simplicity, the following interfaces definitions will be used:
(1) INTERNAL INTERFACES:
Àt 6 y 3 6 0 ; 8 > < > :
¼ y 2 0 6 y 3 6 t 8 > < > :
(2) EXTERNAL INTERFACES:Vertical interfaces when only one brick is present in the panel thickness
Àt 6 y 3 6 t 8 > < > :
; I þ1;À1;0 ¼
;
Àt 6 y 3 6 t
Vertical interfaces when two bricks are present in the panel thickness
Àt 6 y 3 6 0
Àt 6 y 3 6 0 8 > < > : ;
Horizontal interfaces when two bricks are present in the panel thicknesss
Horizontal interfaces when two bricks are present in the panel thickness
Àt 6 y 3 6 0 8 > < > :
0 6 y 3 6 t 8 > < > : ;
As a rule, the jump of velocity between two adjacent blocks may be written as follows:
where D represent the difference operator. According to Cecchi and Sab (2004) and Cecchi and Rizzi (2003) , starting from Eqs.
(1) (3) and (4) (5), the identification between 3D discrete model and 2D continuum model has been obtained assuming:
It is worth noting that in the Reissner-Mindlin model proposed X i;j 12 ¼ 0, as shown in Eq. (19). Fig. 5 shows the effect on the elementary cell of homogeneous in-plane deformations. In this case, the wall behaves similarly to running bond texture. Such behavior is also confirmed by the results of some experimental tests conducted by Calvi et al. (1992) on shear panels arranged in English bond, which differ not drastically with respect to running bond. Fig. 6a shows the effect on the brickwork of a homogeneous deformation x 1,1 5 0 with all the other strain measures set to zero. It must be noted that English bond behavior is somewhat different with respect to the running bond one. In this case in fact, both head and bed joints are involved in the dissipation induced by this deformation, as well as the thickness joint. Fig. 6b shows the effect on the brickwork of a homogeneous deformation in which x 2,2 5 0 and all the other strain measures are set to zero. In this case, it is interesting to note that the wall behaves exactly in the same way with respect to running bond texture, i.e. only the bed joints present a relative jump of velocities between adjacent bricks.
Similarly, in Fig. 6c and d the cases x 1,2 5 0 and x 2,1 5 0 are examined. In the first case, no differences occur between English and running bond texture (there is torsion only in the bed joints); in fact, as expected, the behavior is the same along the thickness of the single block case. On the contrary several differences may be noted in the second case, since torsion is present in the head joints, bending moment acts in the bed joints and sliding occurs in the thickness joint.
Finally, Fig. 7 refers to the evaluation of the shear constants and shows shear deformation rates. In particular, Fig. 7a shows the _ c 13 component, while Fig. 7b the _ c 23 component.
The linear programming problem at a cell level
In this section, a numerical procedure to obtain macroscopic in-and out-of-plane failure surfaces for multiwythes masonry is presented. Reissner-Mindlin plate hypotheses with infinitely resistant bricks and joints reduced to interfaces are assumed. For joints, a perfect plastic behavior obeying an associated flow rule is also adopted.
The utilization of classical limit analysis theorems allows the combined utilization of simplified or rigorous homogenization and linear programming. In this framework, Suquet (1983) proved that macroscopic strength domains for periodic arrangements of heterogeneous materials may be obtained assuming a rigid-plastic behavior and associated flow rule for the constituent materials, by means of both static and kinematic theorems of limit analysis. Such approaches have been widely applied for the evaluation of both in-plane (de Buhan and de Felice, 1997; Milani et al., 2006a ) and out-of-plane failure surfaces of masonry (Milani et al., 2006b; Sab, 2003; Cecchi et al., 2007) for running bond textures.
On the contrary, at present and despite the great importance of the problem, there is still a lack of knowledge concerning the derivation of the macroscopic failure surfaces for double-wythes thickness masonry panels.
Experimental evidences show that basic failure modes for masonry walls with weak mortar are a mixing of sliding along the joints, direct tensile splitting of the joints and compressive crushing at the interface between 
mortar and bricks. Thus, a Mohr-Coulomb failure criterion with tension cut-off f t and a linearized cap in compression (f c , U 2 ), see Fig. 8 and Lourenço and Rots (1997) is adopted. A classic Mohr-Coulomb failure criterion may be obtained as particular case when f t = c/tan U and f c ! 1.
In the framework of linear programming, a piecewise linear approximation of the failure surface / = /(r) is adopted for each interface I of area A I , constituted by n lin planes of equation A
1 6 i 6 n lin , where r ¼ r 33 r 13 r 23 ½ , r 33 is the normal stress on the interface and r 13 and r 23 are tangential stresses along two assigned perpendicular directions, see Fig. 8 . In Fig. 8 n = (n 1 , n 2 ) represents the position vector of point n in a suitable local frame of reference laying on the interface plane, with axis n 3 orthogonal to the interface plane and origin p corresponding to the centroid of the interface, Fig. 2 . 
Due to the linear interpolation of the displacements jump of joints reduced to interfaces (see Eq. (2)), 3 AE n lin independent plastic multiplier rates are assumed as optimization variables for each interface.
As already stated in Cecchi et al. (2007) , a simple set of three linear equations involving plastic multiplier rates fields _ k I i ðn 1 ; n 2 Þ and velocity jump [w(n 1 , n 2 )] may be written in each point n ¼ n 1 n 2 ½ 2I:
In Eq. (20), we assume that ½wðn 1 ; n 2 Þ ¼ Dw 33 Dw 13 Dw 23 ½ T is the jump of velocity field (linear in (n 1 , n 2 )) on the Ith interface and Dw ij corresponds to the jump along the direction j, whereas _ k I i ðn 1 ; n 2 Þ is the ith plastic multiplier rate field (linear in (n 1 , n 2 )) of the interface I, associated to the ith linearization plane of the failure surface.
In order to satisfy Eq. (20) for each point of the interface I, nine equality constraints for each interface have to be imposed, that corresponds to evaluate (20) in three different and not aligned positions n k ¼ ðn k 1 ; n k 2 Þ on the interface I as follows:
where _ k
Þ is the is ith plastic multiplier rate of the interface I evaluated in correspondence of Internal power dissipation occurs only on interfaces. For a generic Ith interface, such dissipation is defined as the product of the interface stress vector for the jump of velocities field, i.e. from Eq. (20): (18) and (19), a linear relation between D and [w(n 1 , n 2 )] may be written for each interface I as follows:
where G I (n 1 , n 2 ) is a 3 · 10 matrix which depends only on the geometry of the interface under consideration. From Eqs. (20)- (23), the following constrained minimization problem may be finally obtained:
where n I is the total number of interfaces considered andx is the vector of total optimization unknowns. Problem (24) leads to reproduce the macroscopic combined in-and out-of-plane failure surfaces of masonry through a kinematic approach. n R representing a macroscopic direction of the load such that [n R ] T n k = 0 " k 5 i,j is chosen. Under these hypotheses, the following optimization problem is obtained from (24):
where -k represents the collapse load when a direction n R in the R space (see Fig. 9 ) is assigned; -n k is a versor such that R k = Rn k ; -i and j represent the axes of projection of b U.
English bond out-of-plane failure surfaces
In this section, some cases of technical interest are discussed in detail, with the aim of testing both the differences in terms of strength domain when passing from a running bond to an English bond texture and the influence of shear T 13 À T 23 macroscopic actions on the ultimate moments. Since no literature results are available for English bond behavior at collapse, only comparisons with running bond textures are discussed.
In the first example, Section 4.1, the influence of shear T 13 À T 23 macroscopic actions on the ultimate masonry horizontal bending, torsional and vertical bending moments (i.e. M 11 , M 12 and M 22 ) is addressed.
Two constitutive laws are utilized and critically compared for mortar joints, consisting of a classic MohrCoulomb (called here Model A) and a linearized Lourenço and Rots (1997) failure criterion (denoted as Model B). Assuming T 13 = T 23 = 0, a comparison between running bond and English bond texture is also provided. Finally, two different vertical membrane loads N 22 are applied and some sections M 11 À M 22 and M 11 À M 12 of the macroscopic failure surface are reported varying T 13 and T 23 .
In the second example, the relevant influence of vertical compressive membrane loads on M 11 , M 12 and M 22 failure moments is addressed. As already pointed out for running bond textures (Cecchi et al., 2007) , there is an optimal compressive load for which failure moments reach a maximum. Exceeded this optimum point, outof-plane strength begins to decrease until membrane compressive failure occurs. Since joints failure is not possible in compression when a classic Mohr-Coulomb failure criterion is adopted, this important phenomenon can be reproduced only using Model B.
M 11 À M 12 À M 22 failure surface sections for different assigned T 13 À T 23
Standard Italian UNI bricks of dimensions 5.5 cm · 12 cm · 25 cm (height · thickness · length) and mortar joints reduced to interfaces are considered. For them, both a classic Mohr-Coulomb failure criterion (Model A) and a linearized Lourenço-Rots failure criterion (Model B) are assumed and critically compared. Mechanical properties adopted for Model A and Model B are summarized in Table 1 The goal of the comparison is to evaluate both the influence of texture (English bond versus running bond) and the role of masonry out-of-plane shear strength T 13 À T 23 on the macroscopic out-of-plane failure surface, in presence of different mechanical characteristics for mortar joints.
In Fig. 10a and b, respectively, several sections M 11 À M 22 and M 11 À M 12 of the macroscopic failure surface b U are reported for Model A varying T 13 from zero to T 13 ¼ T f 13 , where T f 13 represents masonry failure when a pure T 13 action is applied.
The same comparisons for Model A are illustrated in Fig. 11a and b varying T 23 from zero to T 23 ¼ T f 23 . As reported in Fig. 12 , such surfaces are rather different with respect to those obtained by Cecchi et al. (2007) when a running bond texture is considered and T 13 = T 23 = 0, meaning that texture plays a not negligible role at failure, especially when out-of-plane actions are considered. In particular it must be noted that, in this case, English bond pure M 11 ultimate bending is greater than the corresponding running bond case. This phenomenon may be justified with the shear strength of the thickness joint in conjunction with the torsional resistance of horizontal joints.
It is worth noting that authors experienced no technically meaningful differences between Model A and Model B in absence of vertical membrane compressive load, as a consequence of the fact that out-of-plane failure is mostly related to tensile cracking. Therefore only Model A results are reported for the sake of conciseness.
On the contrary, significant differences occur between the models when a vertical membrane compressive load is applied. In Fig. 13a and b, several sections M 11 À M 22 and M 11 À M 12 of the masonry failure strength domain are reported for Model A varying T 13 and assuming N 22 = 60 daN/mm. In Fig. 13c and d the same results are reported adopting Model B. As can be noted by comparing the failure curves, evident differences occur between the models. In particular the greater strength of Model A with respect to Model B under pure M 22 ultimate bending (approximately 6000 da N/mm * mm versus 1000 da N/mm * mm) underlines that a limited compressive strength influences the ultimate out-of-plane resistance in presence of not negligible vertical membrane compressive loads.
The examples discussed underline that masonry macroscopic failure surface results dependent both on the geometrical and mechanical characteristics assumed for the components and that the proposed model is able to reproduce different macroscopic strength domains whenever different failure behaviors for the components are taken into account.
Influence of the vertical compressive membrane load
The aim of this section is to show the influence of membrane compressive loads (kept constant) on the outof-plane masonry failure surface, when an English bond texture is considered.
For the simulations, common Italian UNI bricks of dimensions 5.5 cm · 12 cm · 25 cm (height · thickness · length) are adopted.
As in the previous case, joints are reduced to interfaces adopting for mortar both a classic Mohr-Coulomb failure surface (Model A) and a frictional-type failure surface with tensile and compressive cut-off (Model B). Mechanical characteristics adopted for both models are summarized in Table 1 . In Fig. 14a and b, respectively, several sections M 11 À M 22 of the masonry failure surface b U are reported for Model A and Model B, respectively, varying N 22 .
In a similar way, in Fig. 14c and d the same simulations are reported representing sections M 11 À M 12 .
As it is possible to note, for both models vertical membrane load influences not only the horizontal bending moment but also the vertical one, as a consequence of the fact that also bed joints contribute to masonry vertical ultimate moment (Fig. 15) .
Furthermore, the relevant influence of a vertical compressive membrane load on M 11 , M 12 and M 22 failure moments is worth noting.
A comparison between Fig. 14a and b shows how a classic Mohr-Coulomb failure criterion is incapable to reproduce the actual behavior of masonry under combined compressive membrane vertical loads and out-ofplane actions, whereas the phenomenon is kept by Model B, which assumes a limited compressive strength for joints.
Obviously, this is due to the fact that a classic Mohr-Coulomb failure criterion does not provide compressive failure.
Finally, it is stressed that the choice of a failure criterion for joints with frictional behavior combined with a limited compressive and tensile strength is suitable in order to obtain technically meaningful results in agreement with experimental evidences. 
A masonry wall in cylindrical flexion
In this section, a load bearing masonry wall in cylindrical vertical flexion is analyzed with the aim of comparing failure mechanisms and limit loads provided by the Reissner-Mindlin model at hand when different bricks arrangements and different thicknesses are considered.
The masonry wall of Fig. 16 (height · width: 300 cm · 200 cm) subjected to vertical self weight and a horizontal distributed load depending on the load multiplier k is considered. The panel is supposed clamped at the base, whereas the restraint at the top is a simple support. No lateral restraints are applied, so that only M 22 vertical bending moment, T 23 shear and N 22 membrane stress act. Two different cases are treated, the first (Case A) corresponds to a wall built with common Italian bricks of dimensions 5.5 cm · 12 cm · 25 cm (height · width · length) and arranged in English bond texture, the second (Case B) is a panel constituted by hollow/cellular concrete blocks of dimensions 20 cm · 25 cm · 50 cm (height · width · length), in which the voids percentage is neglected for simplicity. Case B is reported with the aim of underlining the importance of shear actions on thick plates. In both cases, masonry specific weight is assumed equal to 20 kN/m 3 . For Case B, three walls with thickness 50 cm and different blocks disposition are investigated: the first (here denoted as Model A) is a panel arranged in English bond texture, the second (Model B) is a running bond panel, whereas the third (Model C) is composed by two running bond panels coupled in the thickness, with internal and external faces lacking in interconnecting devices along the thickness.
The aim of the structural examples presented is a comparison between the results provided by the simplified kinematic homogenization model proposed and a full 3D analysis in which bricks are assumed infinitely resistant and plastic dissipation can occur in correspondence of mortar joints reduced to interfaces.
A Reissner-Mindlin kinematic FE limit analysis approach
A 2D Reissner-Mindlin FE kinematic limit analysis model with possible plastic dissipation along the edges of adjoining elements is used at a structural level, adopting for masonry the upper bound homogenized strength domain obtained in the previous section.
In particular, we assume that a generic masonry wall is discretized by means of triangular elements. For each element E, one out-of-plane velocity unknown w E 3i per node i is introduced, Fig. 17 . In this way the velocity field is linear inside each element and plastic dissipation can occur at the interface between adjoining elements due to the combined action of bending moment, torsion and out-of-plane shear. Differently from a well known elastic FE discretization, several nodes may share the same coordinate, being each node associated with only one element. In this way, at each interface between adjacent triangles, possible jumps of velocities can occur. Despite the fact that also in-plane velocities should be considered in the model, here only out-of-plane velocities w E 3i are introduced. In this way, a drastic reduction of the total number of optimization unknowns is obtained. On the other hand, the important role of in-plane vertical compressive loads is taken into account in an approximate (but technically acceptable) way changing masonry failure surface along the height of the wall. From a practical point of view, in-plane actions are assumed as a-priori known (i.e. N 11 = N 12 = 0, N 22 = Àc(H À z) 5 0 where c is the specific weight of the wall, z is the height of the interface and H is the wall height). Therefore, macroscopic masonry failure surfaces projections in the M 
where:
-B N is a 3 · 3 matrix that depends only on the finite element geometry; Power dissipated at each interface between adjacent triangles (p I ) may be evaluated following a general approach recently presented in the technical literature for the limit analysis of plane-strain problems (see Krabbenhoft et al., 2005) and taking into account that three different elementary interface plastic dissipations can occur, related, respectively, to shear T nt , bending moment M nn and torsion M nt .
In particular, once that function b UðM ij ; T ij Þ ¼ 0 is given at an interface, a rotation operator is applied to b U; afterwards, the simple algebraic procedure adopted in Krabbenhoft et al., 2005 is used to obtain final T nt À M nn À M nt linearized failure surfaces projections (see Krabbenhoft et al., 2005 for details) .
On the other hand, external power dissipated may be written as p ext ¼ ðp
ÞU, where p 0 is the vector of (equivalent lumped) permanent loads, k is the load multiplier, p T 1 is the vector of (lumped) variable loads and U is the vector of assembled nodal velocities. As the amplitude of the failure mechanism is arbitrary, a further normalization condition p T 1 U ¼ 1 is usually introduced. Hence, the external power becomes linear in w and k, i.e. P ex ¼ p T 0 w þ k. Hence, after elementary assemblage operations and considering previously discussed constraints, the following optimization problem is obtained at a structural level:
-U ¼ w_ x nn_ x nt ½w 3 _ k I;ass Â Ã is the vector of global unknowns, which collects the vector of assembled nodal velocities (w), the vector of assembled bending interface rotation rates (_ x nn Þ, the vector of assembled torsion interface rotation rates (_ x nt Þ, the vector of assembled jumps of velocities on interfaces (½w 3 Þ and the vector of assembled interface plastic multiplier rates ( _ k I;ass Þ. -A eq is the overall constraints matrix and collects velocity and rotation boundary conditions, Eq. (26) and constraints for plastic flow in velocity discontinuities.
Heterogeneous full 3D kinematic FE limit analysis approach
Results obtained by means of the 2D Reissner-Mindlin approach proposed are compared with those obtained with a heterogeneous model. At this aim, a full 3D kinematic limit analysis program in which plastic dissipation is allowed only at the interfaces between adjoining parallelepipeds (i.e. on mortar joints reduces to-the first apex of w i in capital letters identifies the element (M or N), while the second identifies the node number of the element (p = k,j,q or s = i,j,k); -f = 1,2,3; -r ij = (Dv i /kDv i k)
T e j ; (Dv i /kDv i k) represents the versor of the ith axis of the local frame of reference, whereas e j indicates the versor of the jth axis of the global frame of reference.
After elementary assemblage operations on (28), it is possible to show that, for each interface, the following equations can be written:
where w Mp and w Ns are 6 · 1 vectors that collect centroid velocities and rotation rates of elements M and N, respectively, and A On the other hand, it is worth noting that recent trends in limit analysis have demonstrated that the linearization of the strength domain can be circumvented using conic programming (e.g. Makrodimopoulos and Martin, 2006; Krabbenhoft et al., 2007) . This tool is more powerful with respect to LP and could lead to less expensive processing times for the 3D heterogeneous analyses, which typically required around 2 h to be processed on a PC equipped with 512 Mb ram. Nonetheless, here classic interior point LP routines are used for the sake of simplicity.
Since jump of velocities field varies linearly at each interface, it is necessary to impose plastic flow constraints on three vertices n of the rectangular interface:
-Du n represents the jump of displacements normal to the interface; -Dv Following Eq. (30), within each interface I of area A, the power dissipated is:
where node 4 results linearly dependent with respect to previous nodes. As already discussed in this section for the 2D limit analysis approach, external power dissipation can be written in the form p ext ¼ p T 0 w þ k, once that a suitable normalization condition is introduced. Boundary conditions on velocities are imposed in a similar way with respect to classic elastic finite elements, leading to additional equality constraints on elements velocities.
After some elementary assemblage operations, a simple linear programming problem is obtained (analogous to that reported in Milani et al., 2007) , where the objective function consists in the minimization of the total internal power dissipated:
-N I is the total number of interfaces in which plastic dissipation occurs; -U ¼ w Du eq (b eq ) is the overall constraints matrix (right hands vector) and collects velocity boundary conditions, relations between velocity jumps on interfaces and elements velocities and velocity constraints for plastic flow in discontinuities.
Numerical results
For the wall under consideration, in both cases (i.e. Case A and Case B), a Lourenço-Rots failure criterion (1997) is adopted for mortar joints reduced to interfaces with friction angle U = 27°, cohesion c = 0.15 N/ mm 2 , mortar tensile strength f t = 0.27 N/mm 2 , mortar compressive strength f c = 5 N/mm 2 and linearized compressive cap angle U 2 = 30°.
For what concerns the kinematic identification approach proposed, a linearization of masonry failure surface with 100 hyper-planes obtained as illustrated in the previous section is adopted. Furthermore, in the framework of the compatible identification proposed, a coarse mesh is used for the simulations, Figs. 19 and 20.
In Fig. 19 , a comparison between deformed shapes at collapse obtained by means of the kinematic identification model proposed and the full 3D heterogeneous approach is presented for the wall built with common Italian bricks (Case A). As it is possible to note, perfect agreement in terms of both collapse load and failure mechanism is obtained. On the other hand, it is worth noting, in the failure mechanism, the presence of two cylindrical hinges, one positioned at the base and one approximately at the centre of the wall, meaning that a Kirchhoff-Love approach is adequate in this case, due to the limited thickness of the panel. In order to investigate the importance of shear actions on both deformed shapes at collapse and failure loads, the same results reported in Fig. 19 for Case A are reported in Fig. 20 for Case B. In particular, in Fig. 20 from a to c, failure mechanisms and failure loads obtained using both the Reissner-Mindlin model proposed and the heterogeneous approach are reported for all the bricks arrangements analyzed (i.e. Model A, Model B and Model C). As one can note, the influence of shear limited strength is particularly evident both for running bond and English bond textures, which behave exactly in the same way in cylindrical horizontal flexion.
On the other hand, a different behavior is observed for the double running bond wall, Fig. 20c , which fails for bending with separate mechanisms of the internal and external walls. In this case, for the 2D simplified homogenized approach (Fig. 20c left) , two rows of triangular elements along the thickness with possible plastic dissipation for combined bending moment, torsion and out-of-plane shear are utilized, neglecting the possible presence of shear actions at the interface between external and internal layers. Finally, for all the arrangements analyzed (Fig. 20) , the perfect agreement between heterogeneous and homogenized results is worth noting, meaning that accurate results can be obtained with the simplified kinematic model proposed.
A masonry slab arranged in English bond texture
In this section, the capabilities of the compatible model proposed in the present paper are tested at a structural level on a real 2D example. In particular, an English bond masonry slab out-of-plane loaded and constrained at three edges (simple supports on vertical edges and fixed base, Fig. 21 ) is analyzed by means of a number of different FE limit analysis models.
The first model (here denoted as Model A) relies in the 3D heterogeneous approach with infinitely resistant bricks, whereas the second (Model B) is a FE kinematic limit analysis approach based on Reissner-Mindlin plate hypotheses. Both a kinematic homogeneous (Model B_Hom) and a heterogeneous approach (Model B_Het) are proposed. Both Model A and Model B have already been presented in the previous sections. A final Model C is used to validate the results obtained, consisting in a Kirchhoff-Love homogenized approach (see Milani et al., 2006b for further details), suitable only for thin plates.
In order to test the capabilities of the approaches presented, a masonry wall of dimensions 400 cm · 320 cm · 50 cm (height · width · length) arranged in English bond texture, simply supported at two edges with the base clamped, Fig. 21 , is considered. The wall is assumed built in English bond texture with cellular concrete blocks of dimensions 50 cm · 20 cm · 25 cm (height · width · length) and specific weight equal to 20 kN/m 3 . Here the percentage of voids is neglected for the sake of simplicity. Despite the fact that, as a rule, load bearing walls thickness t varies from 20 to 40 cm, we assume here t equal to 50 cm with the sole aim of underlining that a Reissner-Mindlin approach should be used instead of a Kirchhoff-Love one when thick slabs are considered. The wall is supposed loaded with a distributed out-of-plane pressure until failure. For joints a Lourenço-Rots failure criterion is adopted, with mechanical properties summarized in Table 2 . Such values represent typical strength values available in the technical literature. Table 3 reported. Here, it is worth mentioning that for Model B_Het we assume, see Milani et al. (2007) , 2D ReissnerMindlin plate hypotheses with plastic dissipation only on joints reduced to interfaces. Furthermore, vertical joints disposed along the thickness are not taken into account. Therefore, a collapse load greater than those obtained with Model A and Model B_Hom is expected, as confirmed by Table 3 .
As it is possible to note from a comparison between Table 3 and Fig. 22 , the compatible identification approach (Model B_Hom) gives results in excellent agreement with the full 3D heterogeneous one (Model A). On the other hand, for both models it is particularly evident the influence of the limited shear strength, echanical characteristics assumed for mortar joints f t , mortar tension cut-off; c, mortar cohesion; U, mortar friction angle; f c , mortar compressive strength; U 2 , shape of the linearized compressive cap. For what concerns mesh dependence of the models used, it is worth noting that mesh orientation and size of triangular elements used in Model B_Hom (Fig. 22b) can play a relatively important role when out-of-plane models with plastic dissipation only at the interfaces between adjoining elements are adopted. On the other hand, it has been shown with a number of examples (see Milani et al., 2006b; Lourenço et al., in press ) that quite refined meshes with undistorted elements (i.e. %1/10 of the edge length, as is the case here treated) give technically acceptable results, with differences on collapse loads obtained with classic elasto-plastic approaches less than 10%.
In order to evaluate the importance of both bricks texture and panel thickness, a further comparison is here discussed, consisting in the same panel with the same loads and boundary conditions but with thickness 25 cm and 50 cm, respectively, and arranged in running bond texture. Fig. 23 shows deformed shapes at collapse for the wall under consideration (thickness 25 cm) obtained with a 3D heterogeneous mesh (Model A), the heterogeneous Reissner-Mindlin approach (Model B_Het) and the homogeneous kinematic Reissner-Mindlin model (Model B_Hom). As one can note from Fig. 23c , where Model B_Hom deformed shape at collapse is shown, a Kirchhoff-Love behavior is obtained when thin plates are considered (i.e. Model B_Hom coincides with Model C). In Table 4 , a synopsis of the failure loads obtained using all the models discussed (i.e. full 3D heterogeneous limit analysis, 2D heterogeneous and homogeneous kinematic Reissner-Mindlin approaches, 2D homogenized Kirchhoff-Love models) is reported. A critical comparison among Table 3, Table 4 1. Reissner-Mindlin FE limit analysis models give reliable results if compared with full expensive 3D heterogeneous approaches when thick plates are considered. This is particularly evident from the deformed shape at collapse, which exhibits out-of-plane sliding of the bricks; 2. The compatible identification proposed in this paper can be applied for multi-wythes masonry panels arranged in English bond texture. When complex 2D structural problems are treated, kinematic macroscopic failure surfaces can be implemented in standard 2D limit analysis codes. Such approach is able to give satisfactory results if compared with expensive heterogeneous approaches.
